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DIAMETER TWO PROPERTIES AND THE RADON-NIKODY´M PROPERTY IN
ORLICZ SPACES
ANNA KAMIN´SKA, HAN JU LEE, AND HYUNG JOON TAG
Abstract. Some necessary and sufficient conditions are found for Banach function lattices to have
the Radon-Nikody´m property. Consequently it is shown that an Orlicz space Lϕ over a non-atomic
σ-finite measure space (Ω,Σ, µ), not necessarily separable, has the Radon-Nikody´m property if and
only if ϕ is an N-function at infinity and satisfies the appropriate ∆2 condition. For an Orlicz sequence
space ℓϕ, it has the Radon-Nikody´m property if and only if ϕ satisfies condition ∆
0
2. In the second part
the relationships between uniformly ℓ21 points of the unit sphere of a Banach space and the diameter
of the slices are studied. Using these results, a quick proof is given that an Orlicz space Lϕ has the
Daugavet property only if ϕ is linear, so when Lϕ is isometric to L1. The other consequence is that
the Orlicz spaces equipped with the Orlicz norm generated by N-functions never have local diameter
two property, while it is well-known that when equipped with the Luxemburg norm, it may have that
property [3]. Finally, it is shown that the local diameter two property, the diameter two property, the
strong diameter two property are equivalent in function and sequence Orlicz spaces with the Luxemburg
norm under appropriate conditions on ϕ.
Dedicated to the memory of Professor W.A.J. Luxemburg
1. Introduction
The objective of this paper is to study geometrical properties in real Banach spaces, in particular
in Banach function spaces and Orlicz spaces. A Banach space (X, ‖ · ‖) is said to have the Daugavet
property if every rank one operator T : X → X satisfies the equation
‖I + T‖ = 1 + ‖T‖.
It is well-known that C[0, 1] has the Daugavet property. Also, a rearrangement invariant space X
over a finite non-atomic measure space with the Fatou property satisfies the Daugavet property if the
space is isometrically isomorphic to either L1 or L∞ [2, 3]. If a rearrangement invariant space X over
an infinite non-atomic measure space is uniformly monotone, then it is isometrically isomorphic to
L1 [3]. Furthermore, the only separable rearrangement invariant space over [0, 1] with the Daugavet
property is L1[0, 1] with the standard L1-norm [15]. In [17], a characterization of Musielak-Orlicz
spaces with the Daugavet property has been provided. We refer to [16,25] for further information on
the Daugavet property.
Let SX and BX be the unit sphere and the unit ball of a Banach space X and let X
∗ be the dual
space of X. A slice of BX determined by x
∗ ∈ SX∗ and ǫ > 0 is defined by the set
S(x∗; ǫ) = {x ∈ BX : x
∗(x) > 1− ǫ}.
Analogously, for x ∈ SX and ǫ > 0, a weak
∗-slice S(x, ǫ) of BX∗ is defined by the set
S(x; ǫ) = {x∗ ∈ BX∗ : x
∗(x) > 1− ǫ}.
There are several geometrical properties related to slices and weak∗-slices. We say that X has
(i) the local diameter two property (LD2P) if every slice of BX has the diameter two.
(ii) the diameter two property (D2P) if every non-empty relatively weakly open subset of BX has the
diameter two.
(iii) the strong diameter two property (SD2P) if every finite convex combination of slices of BX has
the diameter two.
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(iv) the weak∗-local diameter two property (weak∗-LD2P) if every weak∗-slice of BX∗ has the diameter
two.
(v) the Radon-Nikody´m property (RNP) if there exists a slice of BX with the arbitrarily small diam-
eter.
A few remarks follow here. Condition (v) is a geometrical interpretation of the classical Radon-
Nikody´m property [9]. By the definitions, we see that properties (i), (ii) and (iii) are on the opposite
spectrum of (v). It has been proved in [10] that (iii) =⇒ (ii) =⇒ (i) but these three properties are
not equivalent in general [6]. A Banach space X with the Daugavet property satisfies the SD2P [1].
After preliminaries, in section 3, we show first that if a Banach function space X over a σ-finite
measure space has the RNP then it must be order continuous. The opposite implication is not true in
general. However we prove it under additional assumptions when X satisfies the Fatou property, and
when the subspaces of order continuous elements and the closure of simple functions coincide in its
Ko¨the dual space X ′. We see from examples that these assumptions are optimal. Applying further
the obtained results we conclude the section with the necessary and sufficient condition for the RNP
in Orlicz spaces. There is a well-known criterion for the RNP in Orlicz spaces Lϕ over a separate
non-atomic measure space (Ω,Σ, µ), generated by an N -function ϕ. Here we drop the assumption of
separability of a measure space and we show that necessary and sufficient condition for the RNP is
that ϕ satisfies appropriate ∆2 condition and that ϕ is an N -function at infinity. In sequence spaces
ℓϕ we drop the assumption that ϕ is an N -function.
In section 4 the Daugavet and various diameter properties are studied. In the first main theorem
we give a local characterization of uniformly ℓ21 points x ∈ SX , where X is a Banach space, and the
diameter of the slice S(x; ǫ) generated by x. Analogously we describe relationship between x∗ ∈ SX∗
and the diameter of the weak slice S(x∗, ǫ) given by x∗. Consequently, we obtain a description of global
properties of X or X∗ being octahedral and X∗ or X respectively, having (weak∗) local diameter two
property. We also obtain relationships among the Daugavet property of X and D2P of X and weak∗-
LD2P of X∗. In Theorem 4.11 we provide sufficient conditions for the existence of uniformly non-ℓ21
points in Lϕ and ℓϕ both equipped with the Luxemburg norms. Combining this with the previous
general facts we recover instantly that the only Orlicz space Lϕ generated by a finite function ϕ with
the Daugavet property must coincide with L1 as sets with proportional norm. The other consequences
are that large class of the Orlicz spaces L0ϕ and ℓ
0
ϕ equipped with the Orlicz norm, does not have
LD2P, in the striking opposition to the same Orlicz spaces equipped with the Luxemburg norm. In
the final result we show that LD2P, D2P, SD2P and the appropriate condition ∆2 are equivalent in
Lϕ and ℓϕ.
2. Preliminaries
Let (Ω,Σ, µ) be a measure space with a σ-finite measure µ and let L0(Ω) be the set of all µ-
measurable functions f : Ω → R. We denote by L0 = L0(Ω) if Ω is a non-atomic measure space and
by ℓ0 = L0(N) if Ω = N with the counting measure µ. That is, ℓ0 consists of all real-valued sequences
x = {x(n)}. A Banach space (X, ‖ · ‖) ⊂ L0(Ω) is called a Banach function lattice if for f ∈ L0(Ω)
and g ∈ X, 0 ≤ f ≤ g implies f ∈ X and ‖f‖ ≤ ‖g‖. We call X a Banach function space if Ω is a
non-atomic measure space and a Banach sequence space if Ω = N with the counting measure µ. A
Banach function lattice (X, ‖ · ‖) is said to have the Fatou property if whenever a sequence (fn) ⊂ X
satisfies supn ‖fn‖ < ∞ and fn ↑ f ∈ L
0(Ω) a.e., we have f ∈ X and ‖fn‖ ↑ ‖f‖. An element f ∈ X
is said to be order continuous if for every (fn) ⊂ L
0(Ω) such that 0 ≤ fn ≤ f , fn ↓ 0 a.e. implies
‖fn‖ ↓ 0. The set of all order continuous elements in X is denoted by Xa, and the closure in X of all
simple functions belonging to X is denoted by Xb. In this paper, a simple function is a finitely many
valued function whose support is of finite measure. It is well-known that Xa ⊂ Xb [7, 24].
The Ko¨the dual space of a Banach function lattice X, denoted by X ′, is a set of x ∈ L0(Ω) such
that
‖x‖X′ = sup
{∫
Ω
xy : ‖y‖ ≤ 1
}
<∞.
The space X ′, equipped with the norm ‖ · ‖X′ , is a Banach function lattice satisfying the Fatou
property. It is well known that X = X ′′ if and only if X satisfies the Fatou property [26].
We say f, g ∈ X are equimeasurable, denoted by f ∼ g, if µ{t : |f(t)| > λ} = µ{t : |g(t)| > λ} for
every λ > 0. A Banach function lattice (X, ‖ · ‖) is said to be rearrangement invariant (r.i.) if f ∼ g
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(f, g ∈ X) implies ‖f‖ = ‖g‖. The Lebesgue, Orlicz and Lorentz spaces are classical examples of r.i.
spaces. The fundamental function of a r.i. space X is defined by φX(t) = ‖χE‖X , t ≥ 0, where E ∈ Σ
is such that µ(E) = t. If X is a r.i. space over a non-atomic measure space, then limt→0+ φX(t) = 0
if and only if Xa = Xb [7]. For the the purely atomic case where we assume each atom has the same
measure, Xa = Xb is always true [7].
Recall that a measure space (Ω,Σ, µ) is said to be separable if there is a countable family T of
measurable subsets such that for given ǫ > 0 and for each E ∈ Σ of finite measure there is A ∈ T such
that µ(A∆E) < ǫ, where A∆E is the symmetric difference of A and E. It is easy to check that if Σ
is a σ-algebra generated by countable subsets then (Ω,Σ, µ) is separable [13].
A function ϕ : R+ → [0,∞] is called an Orlicz function if ϕ is convex, ϕ(0) = 0, and ϕ is left-
continuous, not identically zero nor infinity on (0,∞). The complementary function ϕ∗ to ϕ is defined
by
ϕ∗(u) = sup
v≥0
{uv − ϕ(v)}, u ≥ 0.
The complementary function ϕ∗ is also an Orlicz function and ϕ∗∗ = ϕ.
An Orlicz function ϕ is anN -function at zero if limu→0+
ϕ(u)
u = 0 and at infinity if limu→∞
ϕ(u)
u =∞.
If ϕ is an N -function at both zero and infinity then we say that ϕ is an N -function. A function ϕ is
an N -function if and only if ϕ∗ is an N -function.
An Orlicz function ϕ satisfies the ∆2 condition if there exists K > 2 such that ϕ(2u) ≤ Kϕ(u) for
all u ≥ 0, the ∆∞2 condition if there exist K > 2 and u0 ≥ 0 such that for all u ≥ u0, ϕ(2u) ≤ Kϕ(u),
and the ∆02 condition if there exist K > 2 and u0 such that ϕ(u0) > 0 and for all 0 ≤ u ≤ u0,
ϕ(2u) ≤ Kϕ(u). When we use the term the appropriate ∆2 condition, it means ∆2 in the case of a
non-atomic measure µ with µ(Ω) = ∞, ∆∞2 for a non-atomic measure µ with µ(Ω) < ∞, and ∆
0
2 for
Ω = N with the counting measure i.e. µ{n} = 1 for every n ∈ N.
The Orlicz space Lϕ(Ω) is a collection of all f ∈ L
0(Ω) such that for some λ > 0,
Iϕ(λf) :=
∫
Ω
ϕ(λ|f(t)|) dµ(t) =
∫
Ω
ϕ(λ|f |) dµ <∞.
The Orlicz spaces are equipped with either the Luxemburg norm
‖f‖ϕ = inf
{
ǫ > 0 : Iϕ
(
f
ǫ
)
≤ 1
}
,
or the Orlicz (or Amemiya) norm
‖f‖0ϕ = sup
{∫
Ω
fg : Iϕ∗(g) ≤ 1
}
= inf
k>0
1
k
(1 + Iϕ(kf)).
It is well-known that ‖f‖ϕ ≤ ‖f‖
0
ϕ ≤ 2‖f‖ϕ for f ∈ Lϕ(Ω). By Lϕ(Ω) we denote an Orlicz space
equipped with the Luxemburg norm and by L0ϕ(Ω) with the Orlicz norm. The Orlicz spaces with
either norms are rearrangement invariant spaces and have the Fatou property.
If ϕ is finite, i.e. ϕ(u) <∞ for all u > 0, then (Lϕ(Ω))a 6= {0} and it contains all simple functions.
Therefore
(Lϕ(Ω))a = (Lϕ(Ω))b = {x ∈ L
0 : Iϕ(λx) <∞ for all λ > 0}.
It is also well-known that Lϕ(Ω) = (Lϕ(Ω))a if and only if ϕ satisfies the appropriate ∆2 condition.
The Ko¨the duals of Lϕ(Ω) and L
0
ϕ(Ω) are described by Orlicz spaces induced by ϕ∗ [7, 8]. In fact,
(Lϕ(Ω))
′ = L0ϕ∗(Ω) and (L
0
ϕ(Ω))
′ = Lϕ∗(Ω).
In the case of non-atomic measure (resp., counting measure), we use the symbols Lϕ and L
0
ϕ, (resp.,
ℓϕ and ℓ
0
ϕ) for Orlicz spaces equipped with the Luxemburg and the Orlicz norm, respectively. For
complete information on Orlicz spaces we refer the reader to the monographs [7, 8, 20,22–24,26].
3. The Radon-Nikody´m property
We start with a general result on the Radon-Nikody´m property in Banach function spaces.
Theorem 3.1. Let X be a Banach function space over a σ-finite measure space (Ω,Σ, µ).
(i) If X has the RNP then X is order continuous.
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(ii) Assume that X has the Fatou property and (X ′)a = (X
′)b. Then if X is order continuous then
X has the RNP.
Proof. (i) If X is not order continuous then it contains an order isomorphic copy of ℓ∞ [4]. Since ℓ∞
does not have the RNP, so X does not have this property either.
(ii) Suppose that (X ′)a = (X
′)b and that X is order continuous with the Fatou property. It is
well-known that every separable dual space possesses the RNP [9]. Since ((X ′)a)
′ = ((X ′)b)
′ so
((X ′)a)
′ = (X ′)′ = X ′′ and ((X ′)a)
∗ ≃ ((X ′)a)
′ by Corollary 1.4.2 in [7], and by the Fatou property,
X ′′ = X. Therefore
((X ′)a)
′ ≃ ((X ′)a)
∗ ≃ X ′′ = X.
Hence X is the dual space of (X ′)a. If the measure space (Ω,Σ, µ) is separable, then the order
continuous space X is also separable by Theorem 2.5.5 in [7]. Thus in this case, X has the RNP.
Now, suppose that (Ω,Σ, µ) is not separable and we show that X still has the RNP. We will use the
fact that a Banach space X satisfies the RNP if and only if every separable closed subspace Y ⊂ X
has the RNP (Theorem 2, p. 81, [9]).
Since X is order continuous X = Xa = Xb [7]. Let Y ⊂ X be a closed separable subspace of X.
Then there exists a dense and countable set Y ⊂ Y . For every y ∈ Y ⊂ X = Xb, there exists a
sequence of simple functions (yn) ⊂ X with supports of finite measure and such that ‖y − yn‖X → 0.
Each yn can be expressed as yn =
∑mn
i=1 a
(n)
i χA(n)
i
, where a
(n)
i ∈ R, A
(n)
i ∈ Σ with µ(A
(n)
i ) < ∞, so
y ∈ span{χ
A
(n)
i
, i = 1, . . . ,mn, n ∈ N}. Letting Ay = {A
(n)
i : i = 1, . . . ,mn, n ∈ N} and A = ∪y∈YAy,
the family A is countable.
For our convenience, let A = {Ei : i ∈ N}. For each i ∈ N we have µ(Ei) <∞. Then we have
Y = Y ⊂ span{χEi , Ei ∈ A} ⊂ X.
Let Ω˜ = ∪∞i=1Ei, σ(A) be the smallest σ-algebra of Ω containing A, Σ˜ = {Ω˜ ∩ E : E ∈ σ(A)} and
µ˜ = µ|
Σ˜
the measure µ restricted to Σ˜. In fact, it is easy to show that Σ˜ = σ(A). Hence Σ˜ is generated
by a countable set, namely A, so the measure space (Ω˜, Σ˜, µ˜) is separable (Theorem B, pg 168, [13]).
Now define the set
X˜ = {xχ
Ω˜
: x ∈ X, x is Σ˜−measurable}.
It is straightforward to check that X˜ is a closed subspace of X such that it is an order continuous
Banach function space on (Ω˜, Σ˜, µ˜) with the Fatou property. So X˜ is separable. The Ko¨the dual of X˜
is
X˜ ′ := (X˜)′ = {yχΩ˜ : y ∈ X
′, y is Σ˜−measurable}.
Clearly X˜ ′ ⊂ L0(Ω˜, Σ˜, µ˜). From the assumption we have (X˜ ′)a = (X˜
′)b. Hence X˜ = X˜
′′ ≃ ((X˜ ′)a)
∗
by Corollary 1.4.2 in [7] again. Therefore, X˜ is a separable dual space such that Y ⊂ span{χEi , Ei ∈
A} ⊂ X˜, which implies that X˜ and hence Y has the RNP. Since the choice of Y was arbitrary, X has
the RNP. 
Remark 3.2. (1) The Fatou property in (ii) is a necessary assumption. For example, take X = c0.
This space does not have the RNP [9] and clearly does not satisfy the Fatou property. However, since
(c0)
′ = ℓ1 and ℓ1 is order continuous we have ((c0)
′)a = (ℓ1)a = (ℓ1)b = ((c0)
′)b, which is the second
assumption of the theorem.
(2) The assumption (X ′)a = (X
′)b in (ii) is also necessary. Consider X = L1[0, 1] that is clearly
order continuous. Moreover (X ′)a = (L∞[0, 1])a = {0} and (X
′)b = (L∞[0, 1])b = L∞[0, 1]. Hence
(X ′)a 6= (X
′)b and it is well-known that L1[0, 1] does not have the RNP [9].
Proposition 3.3. Let µ be a non-atomic measure and ϕ be a finite Orlicz function. If ϕ is not an
N -function at infinity, then Lϕ contains a subspace isomorphic to L1[0, 1].
Proof. Suppose ϕ is not an N -function at infinity. Since the function ϕ(u)/u is increasing, there exist
M > 0 and u0 > 0 such that ϕ(u) ≥ Mu for all u ≥ u0. Let A ∈ Σ be a set with µ(A) < ∞ and
1/(Mµ(A)) ≥ u0. We will show that Lϕ(A) = {xχA : x ∈ Lϕ} is equal to L1(A) with equivalent
norms. Thus for every E ⊂ A we have 1/(Mµ(E)) ≥ u0 and∫
A
ϕ
(
χE
Mµ(E)
)
dµ =
∫
E
ϕ
(
1
Mµ(E)
)
dµ ≥M
∫
E
1
Mµ(E)
dµ = 1.
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Hence ‖χE/(Mµ(E))‖ϕ ≥ 1 and so M‖χE‖1 ≤ ‖χE‖ϕ. By the similar argument, for every simple
function x =
∑n
i=1 aiχEi in Lϕ(A) we have M‖x‖1 ≤ ‖x‖ϕ. Furthermore, the inequality remains true
for any x ∈ Lϕ(A) because of the Fatou property of any Orlicz space.
Since ϕ is not an N -function at infinity, there exists K > 0 such that ϕ(u) ≤ Ku for all u > 0.
Then for any E ⊂ A we have∫
A
ϕ
(
χE
Kµ(E)
)
dµ =
∫
E
ϕ
(
1
Kµ(E)
)
dµ ≤ 1.
It follows that ‖χE‖ϕ ≤ Kµ(E) = K‖χE‖1. Hence for any simple function x =
∑n
i=1 aiχEi in Lϕ(A),
‖x‖ϕ ≤
n∑
i=1
|ai|‖χEi‖ϕ ≤ K
n∑
i=1
|ai|µ(Ei) = K‖x‖1.
Again by the Fatou property, ‖x‖ϕ ≤ K‖x‖1 for every x ∈ L1(A).
Hence Lϕ(A) = L1(A) with equivalent norms, and the proof is completed since L1(A) contains a
subspace isomorphic to L1[0, 1] (see [21, pp. 127, Theorem 9 (1)]). 
Recall that an Orlicz function is said to be finite if its range does not contain the infinity.
Lemma 3.4. (a) A finite Orlicz function ϕ is an N -function at infinity if and only if ϕ∗ is finite.
(b) Let µ be a non-atomic measure. If ϕ is a finite Orlicz function then ‖χA‖ϕ = 1/ϕ
−1(1/t), where
t > 0, µ(A) = t. Consequently
lim
t→0+
φLϕ(t) = lim
t→0+
1/ϕ−1(1/t) = 0.
Proof. (a) Suppose ϕ is not an N -function at infinity. Then there exists K > 0 such that for every
u > 0, ϕ(u) ≤ Ku. Hence
ϕ∗(v) = sup
u>0
{uv − ϕ(u)} ≥ sup
u>0
{(v −K)u}.
Therefore if v > K then ϕ∗(v) = supu>0{(v −K)u} =∞.
Conversely, suppose there exists K > 0 such that for every v > K, ϕ∗(v) =∞. Then
ϕ(u) = sup{uv − ϕ∗(v) : v ∈ (0,K)}.
By ϕ(u)u = sup{v −
ϕ∗(v)
u : v ∈ (0,K)}, we have limu→∞
ϕ(u)
u ≤ K <∞, which shows that ϕ is not an
N -function at infinity.
(b) Let aϕ = sup{t : ϕ(t) = 0}, and let A ∈ Σ, µ(A) = t, t > 0. Then Iϕ(χA/ǫ) = 0 if
ǫ ≥ 1/aϕ, and Iϕ(χA/ǫ) = ϕ(1/ǫ)t if ǫ < 1/aϕ. By the latter condition if Iϕ(χA/ǫ) = 1, we get that
‖χA‖ϕ = ǫ = 1/ϕ
−1(1/t). Clearly for t→ 0+ we get that 1/ϕ−1(1/t)→ 0. 
The next result provides a criterion of the Radon-Nikody´m property of Orlicz spaces over non-atomic
measure space. We do not need the assumption of separability of the measure space (cf. [8]).
Theorem 3.5. Let µ be a σ-finite, non-atomic measure on Σ and ϕ be a finite Orlicz function. Then
the Orlicz spaces Lϕ (and L
0
ϕ) over (Ω,Σ, µ) has the Radon-Nikody´m property if and only if ϕ is an
N -function at infinity and satisfies the appropriate ∆2 condition.
Proof. Since the Luxemburg and Orlicz norms are equivalent we consider only Lϕ equipped with the
Luxemburg norm. By the assumption that ϕ is an N -function at infinity and Lemma 3.4(a) we get
that ϕ∗ is finite on (0,∞). Applying now Lemma 3.4(b) to the function ϕ∗ we get that φLϕ∗ (t)→ 0 if
t→ 0+. Hence limt→0+ φL0ϕ∗ (t) = 0. Applying now Theorem 2.5.5 in [7] we get (L
0
ϕ∗)a = (L
0
ϕ∗)b and
in view of (Lϕ)
′ = L0ϕ∗ [7, 20], we have ((Lϕ)
′)a = ((Lϕ)
′)b.
It is well-known that Lϕ has the Fatou property and that Lϕ is order continuous if and only if
ϕ satisfies the appropriate ∆2 condition. Therefore, by Theorem 3.1(ii) the Orlicz space Lϕ has the
RNP.
For the converse, assume that Lϕ has the RNP. Since L1[0, 1] does not have the RNP, ϕ needs to
be an N -function at infinity by Proposition 3.3. If ϕ does not satisfy the appropriate ∆2 condition,
then Lϕ is not order continuous, and by Theorem 3.1(i) it does not have the RNP. 
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By Theorem 2.5.4 in [7], Xa = Xb holds for every rearrangement invariant sequence space X.
Consequently we obtain a characterization of the RNP in Orlicz sequence spaces ℓϕ as a consequence
of Theorem 3.1. This result is well-known for ϕ being N -function [8].
Theorem 3.6. Let ϕ be a finite Orlicz function. An Orlicz sequence space ℓϕ has the Radon-Nikody´m
property if and only if ϕ satisfies the ∆02 condition.
Proof. Since any Orlicz sequence space is an r.i. space with the Fatou property, we always have
((ℓϕ)
′)a = (ℓ
0
ϕ∗)a = (ℓ
0
ϕ∗)b = ((ℓϕ)
′)b. Moreover it is well-known that ℓϕ is order continuous if and only
if ϕ satisfies the ∆02 condition [22, Proposition 4.a.4]. Hence, ℓϕ has the RNP by Theorem 3.1.
Conversely, suppose that ℓϕ has the RNP. Then ℓϕ is order continuous by Theorem 3.1. This implies
that ϕ satisfies the ∆02 condition.

4. Locally octahedral norm, uniformly non-ℓ21 points, diameter two properties and
the Daugavet property
In this section, we first examine the relationship between locally octahedral norms and the Daugavet
property.
Definition 4.1. [5,11,12] A Banach space X is locally octahedral if for every x ∈ X and ǫ > 0, there
exists y ∈ SX such that ‖λx+ y‖ ≥ (1− ǫ)(|λ|‖x‖ + ‖y‖) for all λ ∈ R.
A point x ∈ SX is called a uniformly non-ℓ
2
1 point if there exists δ > 0 such that min{‖x+ y‖, ‖x−
y‖} ≤ 2− δ for all y ∈ SX . Motivated by this, we introduce the following.
Definition 4.2. A point x ∈ SX is called a uniformly ℓ
2
1 point if, given δ > 0, there is y ∈ SX such
that min{‖x+ y‖, ‖x− y‖} > 2− δ.
By Proposition 2.1 in [12] we get immediately the following corollary.
Corollary 4.3. Every point x ∈ SX is a uniformly ℓ
2
1 point if and only if the Banach space X is
locally octahedral.
Lemma 4.4. [12] If x, y ∈ SX satisfy ‖x± y‖ > 2− δ and α, β ∈ R, then
(1− δ)(|α| + |β|) < ‖αx± βy‖ ≤ |α|+ |β|.
Proof. See the proof of the implication from (iii) to (ii) in Proposition 2.1 in [12].

In the next theorem we give a local characterization of uniformly ℓ21 points x ∈ SX (resp. x
∗ ∈ SX∗)
and the diameter of the slice S(x; ǫ) (resp. the diameter of the weak∗-slice S(x∗, ǫ)).
It follows a corollary on relationships between global properties of local diameter 2 property in X
and of X∗ being octahedral, as well as between weak∗ local diameter two property of X∗ and X being
locally octahedral.
Theorem 4.5. (a) An element x ∈ SX is a uniformly ℓ
2
1 point if and only if the diameter of a
weak∗-slice S(x; ǫ) is two for every ǫ > 0.
(b) An element x∗ ∈ SX∗ is a uniformly ℓ
2
1 point if and only if diamS(x
∗; ǫ) = 2 for every ǫ > 0.
Proof. We will prove only (a) since (b) follows analogously. Suppose that for all 0 < ǫ < 1,
diamS(x; ǫ) = 2. Then there exist x∗1, x
∗
2 ∈ S(x; ǫ) such that
(1) x∗1(x) > 1− ǫ, x
∗
2(x) > 1− ǫ, ‖x
∗
1 − x
∗
2‖ > 2− ǫ.
Hence we can find y ∈ SX with (x
∗
1 − x
∗
2)(y) > 2− ǫ. Thus
2 ≥ x∗1(y)− x
∗
2(y) > 2− ǫ and x
∗
1(y) ≤ 1, −x
∗
2(y) ≤ 1,
and so x∗1(y) > 1 − ǫ and −x
∗
2(y) > 1 − ǫ. Combining this with (4) we get that x
∗
1(x + y) > 2 − 2ǫ,
x∗2(x− y) > 2− 2ǫ, and so ‖x+ y‖ > 2− 2ǫ and ‖x− y‖ > 2− 2ǫ. We showed that for every 0 < ǫ < 1
there exists y ∈ SX such that
min{‖x+ y‖, ‖x− y‖} > 2− 2ǫ,
which means that x is a uniformly ℓ21 point.
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Conversely, suppose that x ∈ SX is a uniformly ℓ
2
1 point. Then for any ǫ > 0, there exists y ∈ SX
such that ‖x ± y‖ > 2 − ǫ. Define bounded linear functionals x∗1, x
∗
2 on the subspace span{x, y} such
that
x∗1(x) = 1, x
∗
1(y) = 0, x
∗
2(x) = 0 and x
∗
2(y) = 1.
Note that ‖x∗1‖ ≥ 1 and ‖x
∗
2‖ ≥ 1. By Lemma 4.4, for α, β ∈ R we have
|(x∗1 ± x
∗
2)(αx+ βy)| = |α+ β| ≤ |α|+ |β| ≤ (1− ǫ)
−1‖αx+ βy‖,
so ‖x∗1 ± x
∗
2‖ ≤ (1− ǫ)
−1.
Now, let x˜1
∗ =
x∗1+x
∗
2
‖x∗1+x
∗
2‖
and x˜2
∗ =
x∗1−x
∗
2
‖x∗1−x
∗
2‖
. Then
‖x˜1
∗ − (x∗1 + x
∗
2)‖ = |‖x
∗
1 + x
∗
2‖ − 1| ≤
∣∣∣∣ 11− ǫ − 1
∣∣∣∣ = ǫ1− ǫ .
Similarly,
‖x˜2
∗ − (x∗1 − x
∗
2)‖ ≤
ǫ
1− ǫ
.
Since (x∗1 ± x
∗
2)(x) = 1, we have x˜1
∗(x) = 1‖x∗1+x∗2‖
≥ 1 − ǫ and x˜2
∗(x) = 1‖x∗1−x∗2‖
≥ 1 − ǫ. Hence
x˜1
∗, x˜2
∗ ∈ S(x, ǫ). Furthermore,
‖x˜2
∗ − x˜2
∗‖ = ‖x˜1
∗ + (x∗1 + x
∗
2)− (x
∗
1 + x
∗
2) + (x
∗
1 − x
∗
2)− (x
∗
1 − x
∗
2)− x˜2
∗‖
≥ 2‖x∗2‖ − ‖x˜1
∗ − (x∗1 + x
∗
2)‖ − ‖x˜2
∗ − (x∗1 − x
∗
2)‖ ≥ 2−
2ǫ
1− ǫ
.
Since ǫ > 0 is arbitrary, diamS(x, ǫ) = 2. Finally by the Hahn-Banach theorem, we can extend the
bounded linear functionals x∗1 and x
∗
2 from span{x, y} to X and the proof is completed. 
Combining Corollary 4.3 and Theorem 4.5 we obtain the following result proved earlier in [12].
Corollary 4.6. [12, Theorem 3.2, 3.5] Let X be a Banach space. Then the following hold.
(1) X is locally octahedral if and only if X∗ satisfies the weak∗ local diameter two property.
(2) X∗ is locally octahedral if and only if X satisfies the local diameter two property.
Recall the equivalent geometric interpretation of the Daugavet property.
Lemma 4.7. [16, Lemma 2.2] The following are equivalent.
(i) A Banach space (X, ‖ · ‖) has the Daugavet property,
(ii) For every slice S(x∗, ǫ) where x∗ ∈ SX∗, every x ∈ SX and every ǫ > 0, there exists y
∗ ∈ SX∗
such that ‖x∗ + y∗‖ > 2− ǫ,
(iii) For every weak∗-slice S(x, ǫ) where x ∈ SX , every x
∗ ∈ SX∗ and every ǫ > 0, there exists y ∈ SX
such that ‖x+ y‖ > 2− ǫ,
Proposition 4.8. If a Banach space X has the Daugavet property, then X has the local diameter two
property and X∗ has the weak∗-local diameter two property.
Proof. Let x∗ ∈ SX∗ and S(x
∗; ǫ) be a slice of BX . Then there is x ∈ SX such that −x
∗(x) > 1− ǫ. By
(iii) of Lemma 4.7 we find y ∈ SX with x
∗(y) > 1− ǫ and ‖x+ y‖ > 2− 2ǫ. Clearly −x, y ∈ S(x∗; ǫ),
and so diamS(x; ǫ) = 2.
Now let x ∈ SX and S(x; ǫ) be a weak
∗-slice of BX∗ . There exists y
∗ ∈ SX∗ such that −y
∗(x) > 1−ǫ.
By (ii) of Lemma 4.7 there is x∗ ∈ SX∗ with x
∗(x) > 1 − ǫ and ‖x∗ + y∗‖ > 2 − 2ǫ. Since both
x∗,−y∗ ∈ S(x; ǫ), ǫ > 0 is arbitrary, we have that diamS(x, ǫ) = 2.

The next result is an instant corollary of Theorem 4.5 and Proposition 4.8.
Corollary 4.9. [17, Proposition 4.4] If (X, ‖ · ‖) has the Daugavet property, then all elements in SX
and SX∗ are uniformly ℓ
2
1 points.
Next we shall consider Orlicz spaces Lϕ, ℓϕ and L
0
ϕ, ℓ
0
ϕ. Let us define first the following numbers
related to Orlicz function ϕ : R+ → [0,∞]. Recall the Orlicz function ϕ is called a linear function if
ϕ(u) = ku on R+ for some k > 0. Set
dϕ = sup{u : ϕ(u) is linear}, cϕ = sup{u : ϕ(u) ≤ 1}, bϕ = sup{u : ϕ(u) <∞}.
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Lemma 4.10 ([17]). Let ϕ be an Orlicz function For every closed and bounded inteval I ⊂ (dϕ, bϕ)
there is a constant σ ∈ (0, 1) such that 2ϕ(u/2)/ϕ(u) ≤ σ for u ∈ I. Moreover, if ϕ(bϕ) <∞ then the
same statement holds true for closed intervals I ⊂ (dϕ, bϕ].
Theorem 4.11. (i) Let µ be non-atomic. Let ϕ be an Orlicz function such that ϕ(bϕ)µ(Ω) > 1 and
dϕ < bϕ. Then there exists a > 0 and A ∈ Σ such that x = aχA, ‖x‖ϕ = 1 and x is uniformly
non-ℓ21 point in Lϕ. If bϕ =∞ then x ∈ (Lϕ)a.
(ii) Let µ be the counting measure on N and ϕ be an Orlicz function such that dϕ < cϕ and ϕ(cϕ) = 1.
Then there exist a > 0 and A ⊂ N such that x = aχA, ‖x‖ϕ = 1 and x is uniformly non-ℓ
2
1 point
in ℓϕ. If bϕ =∞ then x ∈ (ℓϕ)a.
Proof. (i): By the assumptions on ϕ and non-atomicity of µ, there exist A ∈ Σ and a ∈ (dϕ, bϕ) such
that ϕ(a)µ(A) = 1. Letting x = aχA, we get Iϕ(x) = 1, and ‖x‖ϕ = 1. Clearly x ∈ (Lϕ)a if bϕ =∞.
Let y ∈ SLϕ be arbitrary. Hence for a.e. t ∈ Ω, |y(t)| < bϕ if bϕ = ∞ or |y(t)| ≤ bϕ if bϕ < ∞.
Then, for any λ > 1, Iϕ(y/λ) ≤ 1. We claim that
(2) there exist d ∈ (a, bϕ) and B = {t ∈ Ω : |y(t)| ≤ dχA(t)} such that µ(A ∩B) > 0.
Indeed, let first bϕ = ∞. Define Bk = {t ∈ Ω : |y(t)| ≤ kχA(t)} for k ∈ N. The sequence of sets
{Bk} is increasing, and so 0 < µ(A) = µ(A ∩ (∪
∞
k=1Bk) = limk→∞ µ(A ∩ Bk), and this implies that
there exists m ∈ N such that 2a < m, µ(A ∩Bm) > 0. Letting B = Bm, d = m, we get (2).
Let now bϕ < ∞. Define Ck = {t ∈ Ω : |y(t)| ≤ (bϕ − 1/k)χA(t)} for k ∈ N. Like before, {Ck} is
increasing and limk→∞ µ(A∩Ck) > 0. So there exists m such that bϕ−1/m > a. Let now d = bϕ−1/m
and B = Cm, and so (2) is satisfied.
Set
(3) γ = Iϕ(aχA\B).
Clearly γ ∈ [0, 1). For any δ > 0, there exists 1 > ǫ > 0 such that Iϕ((1+ǫ)x) = ϕ((1+ǫ)a)µ(A) ≤ 1+δ.
We can choose ǫ so small that we also have (1 + ǫ)a < d. Let z = (1 + ǫ)x = (1 + ǫ)aχA. Thus
(4) Iϕ(z) ≤ 1 + δ.
Define
D = {t ∈ A ∩B : x(t)y(t) ≥ 0}, E = (A ∩B) \D.
For t ∈ A ∩ B, max{|z(t)|, |y(t)|} = max{|(1 + ǫ)a|, |y(t)|} ∈ [a, d]. Since D ⊂ A ∩ B, we have
|z(t) − y(t)|/2 ≤ max{|z(t)|, |y(t)|} for t ∈ D. Moreover by Lemma 4.10, there exists σ ∈ (0, 1) such
that 2ϕ(u/2)/ϕ(u) ≤ σ for u ∈ [a, d] ⊂ (dϕ, bϕ). Therefore
Iϕ
(
z − y
2
χD
)
≤ Iϕ
(
max{|z|, |y|}
2
χD
)
≤
σ
2
Iϕ(max{|z|, |y|}χD)
≤
σ
2
(Iϕ(zχD) + Iϕ(yχD)).
Analogously we can also show that
Iϕ
(
z + y
2
χE
)
≤
σ
2
(Iϕ(zχE) + Iϕ(yχE)).
Then, by the convexity of ϕ and A ∩B = D ∪ E,
Iϕ
(
z − y
2
χA∩B
)
+ Iϕ
(
z + y
2
χA∩B
)
= Iϕ
(
z − y
2
χD
)
+ Iϕ
(
z + y
2
χD
)
+ Iϕ
(
z − y
2
χE
)
+ Iϕ
(
z + y
2
χE
)
≤
σ
2
(Iϕ(zχD) + Iϕ(yχD)) +
1
2
(Iϕ(zχD) + Iϕ(yχD)) +
1
2
(Iϕ(zχE) + Iϕ(yχE))
+
σ
2
(Iϕ(zχE) + Iϕ(yχE) =
1 + σ
2
(Iϕ(zχA∩B) + Iϕ(yχA∩B)).
Now, choose δ ∈ (0, (1−σ)(1−γ)2 ). By the assumption Iϕ(y) ≤ 1 and by (3), (4) we have
2 + δ ≥ Iϕ(y) + 1 + δ ≥ Iϕ(y) + Iϕ(z),
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2 + δ − Iϕ
(
z + y
2
)
− Iϕ
(
z − y
2
)
≥ Iϕ(y) + Iϕ(z)− Iϕ
(
z + y
2
)
− Iϕ
(
z − y
2
)
≥ Iϕ(y) + Iϕ(z)−
1 + σ
2
(Iϕ(zχA∩B) + Iϕ(yχA∩B))
≥
1− σ
2
(Iϕ(zχA∩B) + Iϕ(yχA∩B))
≥
1− σ
2
Iϕ(aχA∩B) =
(1− σ)(1 − γ)
2
,
which implies that
Iϕ
(
z + y
2
)
+ Iϕ
(
z − y
2
)
≤ 2 + δ −
(1− σ)(1 − γ)
2
≤ 2.
It follows
min
{
Iϕ
(
z + y
2
)
, Iϕ
(
z − y
2
)}
≤ 1.
If Iϕ
(z+y
2
)
≤ 1, then
∥∥z+y
2
∥∥
ϕ
≤ 1, and so
∥∥∥x+(y/(1+ǫ))2 ∥∥∥ϕ ≤ 11+ǫ . Moreover,∣∣∣∣∣
∥∥∥∥x+ y2
∥∥∥∥
ϕ
−
∥∥∥∥x+ (y/(1 + ǫ))2
∥∥∥∥
ϕ
∣∣∣∣∣ ≤
∥∥∥∥x+ y2 − x+ (y/(1 + ǫ))2
∥∥∥∥
ϕ
=
ǫ
2(1 + ǫ)
.
Hence ∥∥∥∥x+ y2
∥∥∥∥
ϕ
≤
∥∥∥∥x+ (y/(1 + ǫ))2
∥∥∥∥
ϕ
+
ǫ
2(1 + ǫ)
≤
1
1 + ǫ
+
ǫ
2(1 + ǫ)
= 1−
ǫ
2(1 + ǫ)
.
In a similar way, if Iϕ
( z−y
2
)
≤ 1, then
∥∥x−y
2
∥∥
ϕ
≤ 1 − ǫ2(1+ǫ) . Thus, we just showed that for any
y ∈ SLϕ , min
{∥∥x+y
2
∥∥
ϕ
,
∥∥x−y
2
∥∥
ϕ
}
≤ 1− ǫ2(1+ǫ) , which means
min{‖x+ y‖ϕ, ‖x− y‖ϕ} ≤ 2−
ǫ
1 + ǫ
< 2.
Therefore, x = aχA, ‖x‖ϕ = 1 is a uniformly non-ℓ
2
1 point in Lϕ.
(ii): If x ∈ Sℓϕ , then Iϕ(x) =
∑∞
i=1 ϕ(|x(i)|) ≤ 1. So for every i ∈ N, ϕ(|x(i)|) ≤ 1. Hence
for any element of Sℓϕ , we only consider u ≥ 0 such that ϕ(u) ≤ 1. Then by the assumptions
1 = 1ϕ(cϕ) <
1
ϕ(dϕ)
, there exist a ∈ (dϕ, cϕ] and A ⊂ N such that ϕ(a) = 1/µ(A). Let x = aχA. Then
Iϕ(x) = ϕ(a)µ(A) = 1 and ‖x‖ϕ = 1. If bϕ =∞ then x ∈ (ℓϕ)a.
Now for y ∈ Sℓϕ , we want to show that there exists d ∈ (a, cϕ) and B = {i ∈ N : |y(i)| ≤ d} such
that µ(A ∩B) > 0, which corresponds to (2) in function case.
Since y is in the unit ball of ℓϕ, for each i ∈ N, |y(i)| ≤ cϕ. Define Ck = {i ∈ N : |y(i)| ≤
(cϕ − 1/k)χA(i)} for k ∈ N. The sequence {Ck} is increasing and
0 < µ(A) = µ(A ∩ (∪∞k=1Ck) = lim
k→∞
µ(A ∩ Ck).
So there exists m such that cϕ − 1/m > a. Let now d = cϕ − 1/m and B = Cm. Then d ∈ (a, cϕ),
|y(i)| ≤ dχA(i) for i ∈ A ∩B and µ(A ∩B) > 0.
Further we proceed analogously as in the proof for function spaces starting from (3). We apply
Lemma 4.10 for the interval I = [a, d] ⊂ (dϕ, cϕ) ⊂ (dϕ, bϕ). 
Concerning the Daugavet property we will consider only the case of non-atomic measure since it is
not difficult to show that any rearrangement invariant sequence space never has the Daugavet property.
In [3], it was shown that an Orlicz space Lϕ generated by a finite Orlicz function ϕ has the Daugavet
property if and only if the space is isometrically isomorphic to L1. Similar result can be derived also
from [17] where it was proved for Musielak-Orlicz spaces. Below the given proof for Orlicz spaces Lϕ
is much simpler than those in [3, 17]. In fact it is a direct corollary of Theorem 4.11(i).
Theorem 4.12. Let µ be a non-atomic measure. If ϕ is a finite Orlicz function then the only Orlicz
space Lϕ having the Daugavet property correspond to a linear function ϕ, that is Lϕ = L1 isometrically.
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Proof. If Lϕ = L1 isometrically, clearly the Orlicz space has the Daugavet property.
Supposing Lϕ has the Daugavet property, by Proppsition 4.9, every point of the unit sphere of Lϕ is
a uniformly ℓ21 point. Applying now Theorem 4.11(i), dϕ = bϕ, where bϕ =∞ by the assumption that
ϕ assumes finite values. Therefore ϕ(u) = ku, for some k > 0 and all u ≥ 0. Consequently, Lϕ = L1
and ‖ · ‖ϕ = k‖ · ‖1. 
Theorem 4.13. (i) Let µ be a non-atomic measure. If dϕ∗ < bϕ∗ and ϕ∗(bϕ∗)µ(Ω) > 1 then L
0
ϕ does
not have the local diameter two property.
(ii) Let µ be the counting measure on N. If dϕ∗ < cϕ∗ and ϕ∗(cϕ∗) = 1 then ℓ
0
ϕ does not have the
local diameter two property.
Proof. We will show only (i), since the sequence case is proved similarly. By the assumptions in
view of Theorem 4.11(i), the space Lϕ∗ has a uniformly non-ℓ
2
1 point. In view of Theorem 4.5 it is
equivalent to that the dual space (Lϕ∗)
∗ does not have the weak∗-star local diameter two property.
It is well-known that the dual space to Orlicz space Lϕ is isometrically isomorphic to the direct sum
L0ϕ∗ ⊕1 S, where S is a set of the singular functionals on Lϕ ([8]).
Therefore the dual space (Lϕ∗)
∗ is isometrically isomorphic to L0ϕ ⊕1 S due to ϕ∗∗ = ϕ [20]. By
Theorem 4.11(i), there exists a uniformly non-ℓ21 point x ∈ SLϕ∗ of a unit ball in Lϕ∗ . Hence in view
of Proposition 4.5, there exists ǫ > 0 such that diamS(x; ǫ) < 2 where S(x; ǫ) = {x∗ ∈ B(Lϕ∗ )∗ :
x∗(x) > 1 − ǫ} is a weak∗-slice. Now, let J : Lϕ∗ → (Lϕ∗)
∗∗ be the canonical mapping so that
J(x)(x∗) = x∗(x). Letting i : L0ϕ → (Lϕ∗)
∗ be isometric embedding, T := J(x) ◦ i ∈ B(L0ϕ)∗ and
S(T ; ǫ) = {y ∈ BL0ϕ : T (y) > 1− ǫ} is a slice of the unit ball in L
0
ϕ. Moreover,
S(T ; ǫ) ⊂ {x∗ ∈ B(Lϕ∗ )∗ : J(x)(x
∗) > 1− ǫ} = {x∗ ∈ B(Lϕ∗ )∗ : x
∗(x) > 1− ǫ} = S(x; ǫ).
Therefore, diamS(T ; ǫ) < 2, and the space L0ϕ does not have the local diameter two property. 
In [3] it has been proved that if ϕ does not satisfy the appropriate ∆2 condition then Lϕ or ℓϕ has
the local diameter two property. This result was generalized later to Orlicz-Lorentz spaces [18]. For
the Orlicz spaces equipped with the Orlicz norm the situation is different. As shown below, for a large
class of finite Orlicz functions the spaces L0ϕ or ℓ
0
ϕ have no local diameter two property.
Corollary 4.14. Let µ be a non-atomic measure on Σ or µ be the counting measure on N. Let ϕ be a
finite N -function at infinity. Then there exists a slice of BL0ϕ , respectively of Bℓ0ϕ, with diameter less
than two. Consequently, the Orlicz spaces L0ϕ or ℓ
0
ϕ equipped with the Orlicz norm do not have the
local diameter two property.
Proof. Since ϕ is an N -function at infinity then in view of Lemma 3.4, ϕ∗ is a finite function and so
bϕ∗ = ∞. We also have that dϕ∗ < ∞. Indeed, if for a contrary dϕ∗ = ∞ then ϕ∗(v) = kv for some
k > 0 and all v ≥ 0. Then it is easy to show that ϕ = ϕ∗∗ assumes only zero or infinity values, which
contradicts the assumption that ϕ is a finite Orlicz function. We complete the proof by application of
Theorem 4.13. 
We conclude this paper by showing that SD2P, D2P and LD2P are equivalent in Lϕ or ℓϕ when ϕ
does not satisfy the appropriate ∆2 condition. Recall a subspace Y of X
∗ is said to be norming if for
every x ∈ X,
‖x‖ = sup{|x∗x| : ‖x∗‖X∗ ≤ 1, x
∗ ∈ Y }.
Proposition 4.15 ([23], pg 29). If X is a Banach function space with the Fatou property, then the
Ko¨the dual space X ′ is order isometric to a norming subspace of X∗.
We say a closed subspace Y is an M -ideal in X if Y ⊥ is the range of the bounded projection
P : X∗ → X∗ such that ‖x∗‖ = ‖Px∗‖+ ‖(I − P )x∗‖, that is X∗ = Y ⊥ ⊕1 Z for some subspace Z of
X∗. In fact, there is a connection between M -ideals and the SD2P.
Theorem 4.16. [1, Theorem 4.10] Let Y be a proper subspace of X and let Y be an M -ideal in X
i.e. X∗ = Y ⊥ ⊕1 Z. If Z is a norming subspace of X
∗, then both X and Y have the strong diameter
two property.
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Corollary 4.17. Let µ be a non-atomic measure on Σ or the counting measure on N. Given a finite
Orlicz function ϕ which does not satisfy the appropriate ∆2 condition, the spaces Lϕ or ℓϕ and their
proper subspaces (Lϕ)a 6= {0} or (ℓϕ)a 6= {0} have the strong diameter two property.
Proof. Let µ be non-atomic. By the assumption that ϕ is finite, the subspace (Lϕ)a is non-trivial.
Moreover it is well-known that it is an M -ideal in Lϕ [14]. It is a proper subspace if (Lϕ)a 6= Lϕ,
which is equivalent to that ϕ does not satisfy the appropriate ∆2 condition. By Proposition 4.15,
(Lϕ)
′ ≃ ((Lϕ)a)
∗ is a norming subspace of (Lϕ)
∗. Hence by Theorem 4.16, both (Lϕ)a and Lϕ have
the strong diameter two property. The proof in sequence case is similar. 
TheM -ideal property of the order continuous subspace of an Orlicz-Lorentz space has been studied
[19]. In our final result, we obtain full characterization of (local, strong) diameter two properties in
Orlicz spaces equipped with the Luxemburg norm. It is completion and extension of Theorems 2.5
and 2.6 from [2], where it was shown that Lϕ or ℓϕ have D2P whenever ϕ does not satisfy appropriate
condition ∆2.
Theorem 4.18. Let µ be a non-atomic measure on Σ or the counting measure on N and let ϕ be a
finite Orlicz function. Consider the following properties.
(i) Lϕ or ℓϕ has the local diameter two property.
(ii) Lϕ or ℓϕ has the diameter two property.
(iii) Lϕ or ℓϕ has the strong diameter two property.
(iv) ϕ does not satisfy the appropriate ∆2 condition.
Then (iii) =⇒ (ii) =⇒ (i). For the sequence space ℓϕ all properties (i) − (iv) are equivalent. If in
addition ϕ is N -function at infinity then all (i)− (iv) are also equivalent for the function space Lϕ.
Proof. The fact (iii) =⇒ (ii) =⇒ (i) is well-known [1, 10]. The implication (iv) =⇒ (iii) follows
from Corollary 4.17. If Lϕ has the local diameter two property then the space can not have the RNP.
Thus from Theorems 3.5 and 3.6, (i) =⇒ (iv). 
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